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Abstract

The conjecture that thereareinfinitely many twin primes such as (3, 5), (5, 7), (1 I, 13) is still open problem in

number theory･ This paper introduces an unpublished paper written about 20 years ago which is intended to glVe the

proof of the conjecture by constructlng new larger twin pnmes from gIven twin pnmes.
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Preface

Twin primes ad･e Pairs of primes oftheform (p-1, p+1) such that (3, 5), (5, 7), (ll, 13), (17, 19), (29, 31),.... There

are, for example, 1224 such pairs below 100,000, and $169 below 1,000,000. Then it is conJeCturedthat there are

infinitely many twin prlmeS, Which is still one of the open problems of twin prlme COnJeCtureS in number theory. It is

also said that its proof or disproof is at present beyondthe resources of mathematics (see Hardy and Wrigtht; An

Introduction to the Theory of Numbers, 1979, Oxford). Inthis paper the even number p between the primeswiJl be

called a -●prime pair'- of the twin primes (p-I, p+1)I The触t few pdme pairs are 4, 6, 12, 18, 30, ･･: , and it is easily

seen that all prlme Palls except 4 are of the form 6n, a multiple of 6. The largest known prime PalrwiIl be

l6869987339975×2^171960　presented by JaTai　et al.in　2005 (for　further details, see Wolh research;

hq)://mathworld.wo胎am.com /TwinPrimes･html) ･

The objective of this paper is to introduce a paper entitled "Existence of Infinitely Many Prime Pairs-I which was

written by KaoruTanaka about 20 years ago･ lt must be fairly rare to glVe a Proof of the conjecture that a new prime

pair will be constructedina systemaltic way tiom a glVen Prlme Pair. But the paper has not published yet, because it

may be impossible to find reviewers of it (the similar comment was seeninthe referee's comments for the paper sent

斤om H. Zassenhaus, an editor of Joumalof Number Theory in 1988). lf you have any interests in this material,

plea光tTy tO read the following Chapters 1-3 belowand understand elementary number theoretic attempts to solve the

twin prlme COqeCture.
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1. Introduction

Let q be a positiveinteger. lf(q-I, q+I) is a pair of primes (or twin prime numbers), then we say q is a prime

pall. Inthis paper we prove that glVen a Sufficiently large prlme pair qthere is at least one positive integer g

suchthatg･q is again aprime pair satisfying qくg･q < 385･q･

Throughout the paper, We ask aboutthe structure of the group of units Zn'in a rlng Of integers ZLl.Let

(I) q be a sufficient)y large prime pairs and (qll, q+I) = (pE, P亡.I).

Note that the prime Pairs q >_ 6 must be a multiple of6.

(2) ¢1,中2 be仙e sets orprimes such that

¢1-〈p,I p,tq, JJ<p,<pe),

02-〈pJI pノIq, 11<p,<pf)･

(3) U, fl be the product of primes such that

u = (no. p,)pfPf'1,

f1 -　5×7×11Xu　-　385山.

(4) Z be the ring of integers and I bethe set ofnon-negativeintegers.

(5) Zn, bethering of integers modulo mand Zm事bethe groups of units in Zm,

Customarily the identitywill be denoted by landthe zero element by 0 in every Z,".

(6) G2 tZmI bethe subgroup of Zm'such that

G2iZm)-i g∈Zm+i g2 -1=0(Zm)).

(7) S2 tZmi be the subset ofZm such that

s2tZml-(S∈Zml s2-1≠0(Zp) forallprime p･mi･

(8) ll : Zn→ Zu be a natura‖10mOmOrPhismgiven by q(Z) =乏and

llp ‥ Zu→ Zp be a homomorphismgiven byりp(2) -喜forevery prime

tTactorpofu.

(9)や: Zfl→ Z385　beanatural homomorphismgiven by dz)=Zand

やp : Z315→ Zp be a homomorphismgiven byやp(i) =乏fTorevery prime
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factor p of385.

(10) H be the subgroup ofG2 tZfl) such that

H-‡h∈G2tZflll ll(h)-A-1 (a)),

where we use linstead of 1,the identity ofZu.

Forexample, lettheprimepairs q- 18,then (pe, pe.I)-(17, 19), W- 13×17×19-4199and

0-385 (〟- 16】6615. Thus in thiscase wehave

H-‡ 1, 1478049, 1154726, 323324, 449294, 587861, 911184, 125971 ) ⊂ G2tZflI,

and G2 I Znlalways contains土l of ZL{ and also S2 tZfl)always contains zero element ofZfl. ln Z385,

G2†ろ85)-i 1, 34, 111, 309, 384, 351, 274, 76).

Note that H is containedin1+Au where Au - (u) is the principal idealofZn generated by aLn element山,

and H is napped onto G2 fZ385 ) by the natural epimorphismや舟om Zfl tO Z3i5. We know that the order

of G2 tZ385) is23 (see K. Tanaka 【3]).

2. Lemmas

Given the subgroup H ofZfl + such that

H-th∈G2tZfllf 17(h)-A-1 (Zu)),

let a, H- - p(H) bcthe image ofHin乙, Z385 respectively suchthat

h-(I),育- ‡万∈G2tZ385日.

Suppose the sequence of primes,

5<7<11<　pl<...<p,<...< pf<pf+I

with p. ∈ 01, let A5, A7, All , Ap. , - , Ap… denotethe prlnCIPal ideal ofZfl generated

by the associated primes. Then we can find aLn element r ∈ Zfl Satisfying the following conditions:

r=l　(modA5)

r=l　(modA7)

r= 1　(modAlI)

r= q^. (modAp.)

15
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(1)

( modAp.)

(modApF )

( mod Ape.. )

fTor some入. ∈ I. Clearly r is a unit ofZLl, because thegiven prlme Palr q lS a unit ofZn.

Suppose here the cosets ofH generated by rinZfl Such that

ZflJ iH,rH, -,rN-IH),

where N denotes the least positive integer suchthat rN- 1 ( Zfl ). Let q" ∈ 'J'H for a町n∈l, then the image

dqn) in Z385 may be napped onto万, that is

Z3851 dqn)-守㌃-戸頂-万EZ38了

fTor each h ∈ H･ Suppose further an element s f Zf一Satisfying thefollowing conditions:

S

S

S

S

S

S

S

1 (modA5)

1 (modA7)

q　(modAIl)

1 (modAp-)

1 (modAp,)

l　(modApf)

l　(modAp"I)

(2)

where q is thegiven prlme pairs. Notethat s is not always a unit ofZn. Then we have, for any k∈1,

Zfll (skH, skrH, -, skrN-lHi

and forany shh ∈ sLHand 7万∈ Z,85 itfoJ)ows

z3851〆skh.shh)- shh ･sLh-52k.

Note that the product sk h･下請in Z may be embeddedinZn, and p(sk h･ sk h) aLrises in Z,85.

0n the other hand, forany n ∈ I,

Z385 A 452kr") - -52kF〝 --52k.

Whence we can find some gn in Zn suchthatforany n ∈ I,

zn I skh･i7;+gn =S2k,n

･
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Z385 t pb)=p(S2k,p)-p(/h･skh) = 0,

zu I qbn)=(S2krp)～ -(skh･skh) = (r")一一(shh) ･

and

Analogous)y, for any qn ∈ TJ'H we have

z385 1 9(skqn- skqn)-0.

zu I q(skqn - F石)-(skrnh)～ -(Wh)～ - ('p)～-(Fi)～.

for(sk h)～ - 1 (Zu) aLnd r - 1 (Z385). Thuswehave

Z385 I p(lsLq〝 - sk7iトgn)=0,

zu I q(lskqn一才司-gn)-0,

and consequentJy we have

zn l skq〝-skq〝 -S2krn-skhfj;･

Assume here that whenever s is a nonunit ofZfl, WewiIl take k - 0and sk may be contained in Zfl◆ for aLny S･

Thus, muJtiplying both sides by (sk h )-I , we have

zn I rn- (shh)-1才石-sir"h-1-声高- skph一所,

because hー1-h(ZJl )and shh- sk,."h(Z385)foranyn∈I.

Hence we get

LEMMA 1. Foranyn∈ I, h∈Handforsomek∈I

zn I sk,"h-777; -rn-(shh)-IISk7i.

Next suppose the cyclic subgroup of ZL{ such that

Zfl I R-fl,r,.‥,rk,...,rN-li,

(3)

17
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where r ∈ Zfl is defined by (1)and N is the least positive integerwith rN = 1 (Zfl).Assume further that

(rr)～ = q over Zu where q is the given prime pair･ We canalways find such rx ∈ Zfl by taking properly

selected A, defined by(I), e･g･ wemaytake ^1with(A,, p,-1)- 1 and A, - 1 forevery i > 1.

Let Rα be the subgroup ofR in Zfl Such that

Zfl I Rα=fl,P,...,rY,‥.,rN-α‡,

whereα-( X, N), X-jαand (j,N/α)- 1･ LetNf bethe leastpositive integersuch thatrNf = I over

ZfVp.p"l and letX ≡ X ( mod Nf), sothat rr = rr over Zfl/p,p什1. Thuswe obtain

Zfl I R=†1,r,...,rx,...,rNE…,rY…,rN-I).

Given sL ∈zfl'for somek ∈ I, suppose an element (sk h)-I ･ iTh ∈zf, forsomeh ∈ H.Assumen｡wthat

zn I ((shh)Tl･ sk-h･385m)(rY-1)∈(rr-1)Rα

holds f♭r some m ∈ Z, where (rr - 1)Rα is defined as follows:

Zft l　　(rx-1)Rα=

Then fTor some n ∈ I we have

(〟-1)

(〟-1)〟

(′-I)ド

(〟-1)′~α

zn I †(shh)Ll ･ij;･385m)(rY-I)-(rr-1),-,

zn J i(shh)11才石+385m-r-)(rY-1)-(rr-rY),-.

Hence by the LEMMA I it fわllows

zfypfpf.. l f385m-(sL,JWh-skph))(rYl1)=0,

fTor rr = rr over Zfl/pf恥'Zmdalso
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zu/pfPJ　((385m)～-((skrmrh)～- (skim)～)i(ry-1)～ -0･

Since(rr - I)～ = (q- 1)～ = pC～ isaunitof ZLVpep了, itfollowsthat

zu/pepf.. I (385m)～-((skrwh)～-(F戸巧)～) - 0.

On the other hand,

Z385 I 謂5~高一(skrwh- skr'Krh) =0,

aJld &om (4) and (5) We obtain

zn/pL恥J　385m-(skrwh- F声す) =o･

forsomem, n E I.

Tbus we get the foHowlng result.

LEMMA 2. Suppose that fわr some m ∈ I

zn J i(shh)ll sk7Ti'385m)(rY-1) ∈ (rr-I)Rα

holds, then

zfyp.p" I sk,JWh - iTFj; = 385m,

holds for some n E I.

From the above result we have our final LEMMA･.

LEMMA 3. Suppose that

zn I i(shh)-1訴)(ry-1)¢(,Ill)Rα,

then

zLVpfPEJ sk rM h ≠ F声請

holdsforaJln∈1,provided skrwh≠ Hn Z385.

Proof. Assume that

zfVp<pf.. I skph = F声頂

(4)

(5)

19
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fbrsome no∈ I and i = rr in Zfl/pfPt.. ･ Then itfollows

zfy….- f　(shh)-l･荊･(rY-1) -r-(i-1).

Hence forthegiven lわve Can find some mo ∈ I such that

zn I　(shh)-1･ij;(ry-1)+385m. -rnoα(rr-1).

Indeed,let y- ((shh)ll ･声高(rr - 1)- ,Jhα('J - 1)) overZfl,then

z,&5 I 9(y)-(shh)-1 ･7万･行に両-荊･抑=0,

and y must be containedinthe principal ideal A385 = (385) ofZfl.

Thus &om (6) and (7) we have

Zfl/pFPEn J　　385mo = 0,

sothat

zl　385mo=0 (modX)･

Again斤om(7),since声- 1 (Zpf), Wehave (( 385mo)～)～ - 1 (Zpf)and

Z 1　385mo ≡0 (modp亡).

From (8) and (9) it fbllowsthat

zI　385mo≡0 (mod岩)･

Thus from (7) wc have

zn I (shh)Al･而･(rr-1)+Eo･岩-r"o`E･(rrll)

forsomet｡ ∈丁. TYIerefore, let ∂= (shh)-1 ･ skFk･ (ry I 1)ofZLl ,then

zfVpt.. 1　6= rno`r･(rr-1)∈(rr-1)Rα⊂(rr-1)R.

However, since we assume that∂ ¢ (rr - 1)RαinZn, we must have

Zn 1　6∈ (rr-1)R.

ontheotherhand,since青= (1,チ 1=fl,す1=(1,-11=盲言overzp"

with ((r～)～)X = ((,～)～)∫ =((,～)～)LL =(q～)～ = ll,wehave斤om(12)

(6)

(7)

(8)

(9)

(10)

(ll)

(12)
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zpい. I (∂～)～=qpf..07(∂)=((Shh) ) ･(pf~)～

∈ ((I-I)～)～･(R～)～=(pe～)～･(R～)一･

Therefore it follows

zpf.1 1 ((7万)～)～∈(R～)～ -(1,(q～)～),

(13)

where q = pE + 1 = pf - ll Butthis is a contradiction overZp" as we assume that

z I l< sLh<385<pf<q<pf.).

Thus if6¢ (rr - 1)RαoverZfl, then F声頂≠sk ,mr h overZfVpfPe.. foraJl n ∈ land

someh∈H,provided fFh ≠ 1 (Z,85).

3. Existence Theorem

As a sta仙ng point we adopt the LEMMA 3 and we will prove the fbllowlng theme.

THEOREM･ There areinhitely many prlme PalrS.

Proof. Without loss ofgeneralitylet q be a sufficiently large prime pair suchthat q > 770 and

(q-I,q+1)=(pf, pE.1), Ifweassumenow,for hl, h2 ∈Hand nl, n2 ∈ I,

zn l (Al) (shh.)-I.7百･(ry-1)-,PILl･(rr-I)

(A2) (shh,)11･ skFk･(ry-1)=,p2α･(,r-1)

hold,then

zu l　(Al) (shh.) ･pf～= (r～)n)'L･(rr-1)～

(A2) (skh2) ･PE～　= (r～)n2α･(rrll)～

andthus

zu J　( (S7T)～- (F右)～)･pE～ - ((r～)n･Lt-(r～)n2α).(rrll)～･

Recall here that

Zfl J Rα =tl,TFr, …,rY,…,/N/a-J)α),

21
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denotes the cyclic subgroup of order N/αinZfl., Where α - (X, N), X -jα, and (i, N/α) - 1.

Thuswehaveα-jLI xwithj~1 ∈zN/!,sothat rJn = ,nJ~'x inZf-.Hence

zu/pJ ( (F訂)一一(F右)I)･pf～ - ((r～)nHJ)X-(r～)n2'llx).(rrll)～. (13)

This implies

z I ( skFiT-珂･pf -(rP･J~lx-rn2r)X)･(rx-1)･tl･号　　　(14)

fTorsome tl∈Z.Howeverif lnl - n2 I iseventhen r("I-n2)}-lx - 1 or〆〝2-nI)ノ~)X - 1 mustbe

divided by rr + lwhich is the multiple ofpE.I l Whence

rnlJ-lx-rn2ノllx = t2･P∈+I

fTorsome t2∈ Zand斤om (14)

z l (skh･-㌔有)･pe-pE･1･[12･(rr-1)･tl･詰｢]･

This showsthat pE.J must divide sk hl - Sk h2. But it is a contradiction, since we assume

that l FオーF右l < 770 < pe.. overZ,hencethenonnegative integer lnl - n2 lmustbeodd.

Therefore we may conclude that it is possible to staLnd at the saLme time by thefollowlng two COnditions:

zn I (Al) (shh.)-l･sk7T･(rx-1)-,n･α･(,r-1),

(A2) (sLh2)-l･ sk7i･(rx-1) = ,n2α･(,I-I),

but it is impossible to expect the realization of more than two conditions. In fact if(Al ), (A2)and

(A3) (shh,)~l･ F右.(rrll) =,n3a･(,r-1)

hold forsome hノ∈ Hwith h/ チ A,(i≠ j: i, j= 1, 2, 3), thenfTrom (Al)and (A2)the nonnegative

integer ln) - n2 I mustbe oddand aJso舟om (Al)肌d (A3)thenonnegativeinteger I nl - n3 I must

be odd. Therefore ifnl is even (odd) then n2 and 773 must be odd (even), so that l nl - n3 I must
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wheret=to +tl ･¢,/N, ∈Z. Thus

zp, I ((r～)～)(nrl'1'X - ((r～)～)`n'ー1+1'U･ 't'"･/α･).αL　　　(15)-

= ((r～)～)(nJ-)'l)･F"･

where p denotes a sufficiently large prime such that p = j, + t･N, /α.with some t ∈ Z and

U, , N,/α′) - 1. The existence of such primes may be guamnteed by DIfuCHLET THEOREM･

Let FL･N, /a, denote the integer such that

lJ･N,/a, = (

2-l･N, /a, ･･･ ifN,/a, isodd,

‡･N, /α, - ifN, /α∫ isodd,

where 2-1 ∈Z事N,/α.. Then wemay find integerrl= OL･N, /α, ･p-I - 1)･j,wherep-I ∈Z事N,/α. and

j∈ZtN./.,,. In fact,p∈Z'N./,～ impliesp-1 ∈Z事N,/α′肌d forj= X/α∈Z'N,/a.,j, =X, /α∫ ∈Z'N./帆

with X ≡X. (modN,) itfolIowsthat (rY)"/α = ,jN = 1 (Zfl) and

(((r～)～)X)N･/'r･ = (((r～)～)X･)N･/･r, = ((r～)～)JI N･ = 1 (Zp.), sothatNi /α′ must bc adivisor of N/α,

and hence (i, N, ) - G, N/α) - 1. Therefore舟om (15) and (15)- we have

zp, I ((声高)守.(q～)～ ≠ ((r～)～)(りL)+l'X

= ((r～)～)PIN,/al.P-I.plr. = ((,～)～)PIN･ = -I.

(16)

Clearly we may takethe integer17 = (N, - 1)･j , so that

zp, I ((百石)～)～･(q～)～ ≠ ((r～)～)(nrl'l'X- ((r～)～)"I.X -1,  (17)

Thus f♭r every p, ∈ ◎l it follows that

zp. 1 ((sk77)～)～･(q～)～ - qp. ((声高)～.q～) ∈S2tZp.)･　　(18)

Forthe prime factors pf , PE.1 0fu, weget ((声高)～ )～ ･(q～)～ - (( sk77)～ )～ Overzpf Znd

(( iIh)～ )～･(q～)～ --((Th)～ )～ overzpf十,,Since(q～)～ - 1 (ZpF )and (q～)～ニー1 (ZpJ.

Asthegiven ij; ∈ Z,85 Satisfies the fわllowing conditions:

Z I  1< F高く385<pE<PE.1.
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Itfol)owsthat (( Th)～ )～ ･(q～)～ - (( Th)～ )～ ≠士l overZp< andalso

((才盲)～ )～ I(q～)～ニー(( 7万)～ )～ ≠士l overZpe..l Henceweobtain

zpt J ((skh) ) ･(q～)～ =qpe((shh) ･q～)∈S2(ZpC),

zp" l ((shh) ) ･(q～)～ =恥十t((shh) ･q～)∈S2tZpJ･

From (18), (19)and (20) we have

zul (shh) ･q～∈S2(Zu)

(19)

(20)

(21)

forsome sk h ･qof Zfl･ Moreover, fortheelement sk h ･qof Zfl,

Z385l (両,2-(Fk･石･育,2-訂2k･q2,

where万2 = 1 (Z315)･ Letp∈ (5,7% then fo,each p

zp I pp((玩,2)-甲ク(S-2k,･pp(育2,- 〒2k･i2 -香2≠1,

where亨= 1 and亭∈S2 LZp). TTLerefore pp( SL A.q ) ∈S2 (Zpi foreachp,andwehave

Z35 J p35(Skh･q)∈S2tZ35)･

In the similar way,

9,.( (両,2) - 9.. (512k,･9..(育2, -亭2`k'1'

where〒 =香弧d　香∈S2tZll).

Hencefork≠ 5m'4 ( m ∈ I) itfollowsthat亭2`k'1'≠ 1 o,e,ZllandlhaI

zll l pLl(shh.q)∈S2tZllI.

Thus &om (22) aJld (23) we have

z385 l　㌔h･q ∈S2tZ3851･

Therefore &om (21) and (24) we can concludethat

zn l skh･q∈S2tZnl･

(22)

(23)

(24)

(25)

25
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providedthat,given skFi ∈ Z,85with F盲≠ 1 and k≠ 5m+4 ( m ∈ I ), thefolIowing conditions hold

fわra)1n∈I:

zn l　(shh)-l･ sk77･(rx-1) ≠ Y.(rr-1)･

FinaJJy, we canshow that sk h･q E Zwi日be a new prime pair defined by thegiven prime pair q.

Since we assume that

zl l<F石<770<q,

itfoIlows inthe real field

序言<pf.1<而･q.1 ≦q2,

前≦pE<苅･q-1<q2.

RecaJlthe sets of primes ¢1and 02 Such that

◎1=tp,I p,Iq, 11<p,<pe1,

02=fpJI pJlq, 11<pJ<PE)･

ForaHprimesp, ∈ (5, 7, ll)∪ ◎1 ∪tpf,Pf.lIandfork≠5m+4 (m∈I),斤om(25)wehave

zp,I (苅･甘)2≠1,

so that sk h ･q土l must not be divided by every Prime p1 0VerZ･

Forany prime pJ ∈ †2, 31 UO2 We Clearly have

zpノJ (苅Iq)2-1--.≠1･

Hence sk h ･q土1 must not be divided by every pノOVerZ･ Consequently we have provedthat sk h ･q士l

must ｡｡.bc devoid by eve,y prime p ≦前,and s｡

(声高･q-I,才高･q+1)

must be a new twin prlmeS defined by a glven prlme Pall q･ This is our desired result, auld we may say tht

there is a prime pair sk h･q satisfying

q< skh･q<385･q

fTor a glVen Prlme Palr q･



A Paper on the Twin Prlme Conjecture

Acknowledgments

We takethis opportunity to thank Prof. S. IKEHARA for his numerous suggested improvements.

References

ll] T.W. Hungerford, 1974, Algebra, Springer-Verlag, New York.

[2] B.R. Mcdonald, 1974, Finite Rings with JdentL'oJ, Marcel Dekker, Inc. New York.

[3] K. Tanaka, 1967, ''A Generalization ofEulerts ¢-function", Res･ Rep. Tokyo Electrical Engrg･ College,

15,24-29.

27


